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Abstract 

P 

We analyze the Cauchy problem for the Klein-Gordon equation on the type IIB super- 
gravity backgrounds AdS 5 x Y p ' q , where Y p ' q is any of the Sasaki-Einstein 5-manifolds 
introduced by Gaunlett, Martelli, Sparks and Waldram (Adv. Theor. Math. Phys. 8 
(2004) 711-734). Although these spaces are not globally hyperbolic, we prove that there 
exists a unique admissible propagator and derive an integral representation thereof using 
, spectral-theoretic techniques. 
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1 Introduction 

Sasaki-Einstein manifolds, that is Einstein manifolds whose metric cone is Calabi-Yau, are 
of considerable interest in Physics because of their connections to the AdS/CFT correspon- 
dence [2]. More precisely, if Y is a Sasaki-Einstein 5-manifoid, then the product manifold 
AdS 5 x Y is a solution of type IIB supergravity that is conjectured to be dual to an M = 1 
superconformal field theory in four dimensions. In particular, the AdS/CFT correspondence 
■ implies that the asymptotic behavior at infinity of the Klein-Gordon propagator will carry 

information on the correlation functions of the dual superconformal field theory in four di- 
mensions [2]. 

The first explicit examples of Sasaki-Einstein geometries in five dimensions (other than 
the round 5-sphere, the homogeneous metric T ' on S 2 x S s and some quotients thereof) 
were discovered by Gauntlett, Martelli, Sparks and Waldram in [9]. These manifolds, labeled 
by pairs of integers (p, q) and denoted by Y p ' q , are constructed as S^-bundles over an axially 
squashed S -bundle over the 2-sphere. A description of the spaces Y p,q as cohomogeneity-1 
manifolds has been given by Conti [5], while examples of Sasaki-Einstein manifolds in higher 
dimensions have been obtained in |10l [7j. The associated family of supergravity solutions 
AdS 5 x Y™ includes both quasi-regular manifolds [5] , which are dual to superconformal field 
theories with compact .R-symmetry and rational central charges, and irregular manifolds, 
dual to field theories with noncompact i?-symmetry and irrational central charges. A detailed 
construction of the dual superconformal quiver gauge theories was presented in [3]. 

In this paper we aim to rigorously analyze the Cauchy problem for the Klein-Gordon 
equation on the manifolds AdS 5 x Y p ' q through the construction of a global causal propagator. 
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Although the spaces AdS 5 x Y™ are not globally hyperbolic, we will see that under mild 
technical assumptions a unique propagator exists and can be constructed explicitly through 
spectral methods. Our main result (Theorem [10] and Corollary [TT]) is a spectral integral 
representation for this propagator. 

The approach we take exploits the separability of the AdS 5 x Y p ' q metrics to compute 
the eigenfunctions of the Laplace operator in Y p ' q in quasi closed form, by expressing them 
in terms of the eigenfunctions of the Friedrichs extension of a single second-order ordinary 
differential operator with seven regular singular points. The subtle geometry of the spaces 
YP'i introduces additional complications in the analysis, since the 'angular' variables in which 
the metric of Y p ' q separates are not defined globally. In order to circumvent this problem, we 
start by constructing a Fourier-type decomposition of the space of square-integrable functions 
on Y p ' q adapted to the global structure of the manifold and to the action of the Laplacian. 
Once the eigenfunctions of the Laplacian in Y p,q have been computed, the analysis of the 
Klein-Gordon equation in AdS 5 x Y p,q can be reduced to that of a family of linear hyperbolic 
equations in anti-de Sitter space. We discuss the existence and uniqueness of causal prop- 
agators for these equations using Ishibashi and Wald's spectral-theoretic approach to wave 
equations on static space-times [19 ^ lllj. fT2] . For our purpose, this presents several advantages 
over the classical method of Riesz transforms, since the latter method only yields local solu- 
tions to the Cauchy problem in the case in which the underlying space-time is not globally 
hyperbolic [3J- 

Our paper is organized as follows. In Section [2] we introduce a Fourier- type decomposition 
of L 2 (Y p ' q ) (Lemma [3j) which is crucial to the rest of the paper. In Section [3J we use this 
Fourier decomposition to compute the eigenfunctions of the Laplacian in Y p,q (Theorem [7J . 
The expression of these eigenfunctions is totally explicit and involves the spectral decom- 
position of a single ordinary differential operator, which we analyze in Lemma Finally, 
in Section H] we prove that there exists a unique physically admissible propagator for the 
Klein-Gordon equation in AdS 5 x Y p ' q and derive an integral representation thereof for both 
the homogeneous and inhomogeneous Cauchy problem (Theorem 1101 and Corollary Hip . The 
article concludes with an Appendix where we recall the conditions that a propagator of a 
linear wave equation must satisfy in order to be physically admissible. 

2 Fourier-type expansions in Y p,q 

After recalling some geometric facts about the family of cohomogeneity-1 Sasaki-Einstein 
5-manifolds Y p,q recently discovered in jS], our goal for this section is to introduce a Fourier- 
type decomposition of the space of square-integrable functions on Y p,q which is adapted to 
the geometry of the manifold. This decomposition will be of crucial importance in the rest of 
the article. Each manifold Y p,q , labeled by two positive integers p < q < 2p, is an S^-bundle 
over an axially squashed S^-bundle B over a round 2-sphere. It should be noted that the 
integers p and q are not exactly the same as the ones labeling the spaces Y p,q in [9]; passing 
from one set of integers to the other is straightforward, but for our purposes it is slightly 
more convenient to define the labeling integers as we will do below. We will recall several 
results on the global geometry of the spaces Y p,q without further mention as we need them; 
proofs of these facts and further discussion can be found in [HI HS1 ES] ■ 

We begin our discussion with the four-dimensional sphere bundle B over S 2 . We start 
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with the local metric 



9b ■= ( d f, s + 4r " cos ^) 2 + (^ 2 + sin2 5 d< ^ 2 ) - W 

w(y)r{y) 9 v 6 



:= — — — ' r (y) := — : — 71 — ( 2 ) 



where 

2(a - y 2 ) a - 3y 2 + 2y 3 
, r(y) := 5 

and < a < 1 is a real constant. The Riemannian volume measure associated to gs is thus 
given by 

dfj,B '■= Pb(v) dy sin8 d9 dftdip , (3) 

with 

/ \ 1-2/ 
ps(y) - 



18w(y) 1/2 • 

It was shown in [9] that the above local metric defines a unique complete 2-sphere bundle B 
over S 2 , which is conformally Kahler and diffeomorphic to S 2 x S 2 . 

In the following lemma we present a Fourier-type decomposition of the space of L 2 func- 
tions on B that is adapted to the above coordinate system and which will be used in turn to 
give a Fourier decomposition for the space of L 2 functions on Y p,q . An explicit description 
of the bundle structure of B is required in order to obtain the desired decomposition, so in 
the proof of the lemma we indicate how B is defined globally as a complete manifold. 

In order to state this lemma we set some notation. The cubic polynomial 

a - 3y 2 + 2y 3 = (4) 

has three real roots for any a G (0, 1), one negative and two positive. In what follows, the 
negative root will be denoted by y_ and the smallest positive root by y + so that y_ < < 
y + < a. We will also use the cover {V\, V2} of S 2 given by 

V-y := {0 G [0,tt), (j) G M/2^Z} , V 2 := {9 G (0,vr], <j> G M/2^Z} , 

so that V\ (resp. V2) stands for the sphere minus the north (resp. south) pole. 

Lemma 1. Let B denote the complex Hilbert space 

B := {{unm) nm& ■ u nm G L 2 ((y-,y + ),p B (y)dy) ® L 2 ((O,7r),sin0<i0)} , 
endowed with the norm defined by 

{®nm®®nm) nmeZ b -= Yl (f \$nm(y)\ 2 Pb{v) dyj ( j | 6 nm (0) | 2 sin dd J . 

Then the map defined by 

gi(n</>+2?™/>) 

B 3 ($„ m ®e nm )^ meZ ^ ^ $nm(y)@nm(0) G L 2 (B) , (5) 



defines an isomorphism between B and L (B) 
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Proof. In order to show that the local metric ([T]) can be promoted to a complete metric on 
a four-manifold, we choose 9 G [0, n] and <p G K/27rZ so that, for each fixed y € (y_, y+), the 
last two terms in ([1]) yield the metric of a round 2-sphere. 

The range of y is taken to be [y_,y+]. This ensures that w is strictly positive in this 
interval and r ^ 0, vanishing only at the endpoints y±. If we identify ^ periodically, the part 
of g B given by 

dy 2 , r(y)_,_, 2 



2vr 



w(y)r(y) 9 

describes a circle fibered over the interval (y_,y+), the size ofthe circle shrinking to zero at 
the endpoints. Remarkably, the (y, ip) fibers are free of conical singularities if the period of 
ip is 2-7T, in which case the circles collapse smoothly and the (y, ip) fibers are diffeomorphic to 
a 2-sphere. 

One must now check that the 2-spheres described by the coordinates (y, ip) fiber properly 
over the 2-spheres defined by (9,(f>), For that, it suffices to consider the circles associated 
to the coordinate ip for fixed y G (y_,y + ), so we will consider the corresponding 5 1 -bundles 
By over S 2 . The curvature of the connection form ^- cos 8 d<p defines an integral de Rham 
cohomology class in the base because 

/ d(cos0d(p) = — / / sm6 d0d(f> = 2. (6) 
Js 2 27r Jo Jo 

Therefore, for all y, a well-known theorem of Kobayashi |13j then ensures that — cosOdcp 
defines a connection on a principal S^-bundle B y over S 2 isomorphic to S 13 /^ (or to the 
2-sphere's unit tangent bundle). Since {^1,^2} is a trivializing cover of S 2 , the 5 1 -bundle 
By is uniquely determined by this cover and the transition function F\2 '■ Vl H V% — >■ IR/27rZ 
given by F12 := it. 

The set Vi n V2 is the sphere minus the north and south poles, so it has full measure in V\ 
and V%. Hence by the definition of the transition function and the expression of the induced 
volume element in B y , an L 2 function on B y can be identified with a measurable function 
P : (0,vr) x (M/2ttZ) x (M/2vrZ) C which satisfies 

P(0, <t>, V) = f y {0, <P,^ + F 12 (6, 4>)) = P{B, cf>,iP + n) 

a.e. and 

/ / / \f y (8,(j),iP)\ 2 sm6 dOdcpdip < 00 
Jo Jo Jo 

As usual, ip + 7r refers to the group operation in M/27rZ, so it is to be understood modulo 2ir. 
This leads to the Fourier-type expansion 

J nm V I " 

which converges in L 2 sense. Formula ([5]) immediately follows from the latter equation by 
taking into account the dependence on y and using ([3]) and Fubini's theorem to carry out the 
integration in <p and tp. □ 

Remark 2. Since 4> and tp have period 2tt, the difference between Eq. ([5]) and the ordinary 
Fourier decomposition for 27r-periodic functions of (p and ip lies in the fact that only the even 
Fourier modes in ip appear in ([5]). As we have seen, this reflects the fact that the bundle B 
is diffeomorphic but not isometric to the product of two round 2-spheres. Notice that F12 
must be constant because d/dip is a globally defined Killing vector. 
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We now consider Fourier decompositions of L 2 functions on the manifolds Y p ' q . We begin 
with the local metric given by 



9 ■= 9B + w(y) (da + h{y) (dtp - cos 9d(p) J , (7) 

where 

a - 2y + y 2 
6(a - y l ) 

and and u; are defined as in {I])-©. It can be verified that g is (locally) Sasaki-Einstein, 
with Ric = 4<7, and that the corresponding Riemannian measure is 

dfi := p(y) sin 9 dy d9 dcp dip da , (8) 

whence p(y) := (1 — y)/18. 

It was proved in |QJ that, for any pair of positive integers p and q with p < q < 2p, one 
can choose a constant a € (0, 1) such that 

%+) ~ %-) _ P 

2h(y + ) q' W 

and that in this case there exists a unique complete, simply connected manifold Y p,q whose 
metric is locally given by (|7|). Furthermore, Y p,q is a Sasaki-Einstein principal S^-bundle 
over B diffeomorphic to S 2 x S 3 . In the rest of the paper, we shall always assume that a has 
been chosen so that ([9]) is satisfied, with p and q coprime. Note that 

%±) = ^ , 

so T%±) > 0. 

The main result of this section is the following lemma, where we present a Fourier-type 
decomposition of L 2 (Y p,q ) which will be crucial for the rest of the paper. In order establish 
this decomposition, we introduce another open cover {U-, t7+} of the sphere, which will be 
used to describe the fibers of the sphere bundle B. These sets again correspond to the whole 
sphere minus a pole, and can be characterized in terms of y and ip as 

U- := {y e [y-,y+), V> e R/2nZ} , U+ := {y e (y-,y+], ^ e R/2nZ} . 

Moreover, let us call So the S^-fiber at any fixed point (6*o,</>o) in the base and let £± ~ S 2 
be the submanifolds of B given by y = y±. It is then easy to see that {So, S + } defines a basis 
of the homology group H2(B; Z). In the following lemma, we denote by lcm{xi, . . . , x^} the 
least common multiple of the positive integers xi, . . . , x^. 

Lemma 3. Let y be the complex Hilbert space 

y ■= {( u nml) nml& ■ u nm i G L 2 ((y_ , y + ) , p(y) dy) ® L 2 ((0, vr), sin 9 dO) | , 
endowed with the norm 

®nml ® ®nml) nmleZ y '■= ^ {^J \®nmi(y)\ 2 p(y) dy^J J \ @ nm i (9) f sin 9 d9^j , 
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and let us set 

r:= -2 %+)/<?, a:=lcm{2,pq,2p-q}. (10) 
Then the map defined by 

Ji(n<j>+2mil)+ola / t) 

yB^se^)^^ ^ <*w(y)e>n m /(0) a 2 (Y M ), (11) 

defines an isomorphism between y and L 2 (Y p,q ). 

Proof. If we periodically identify a by making it take values in R/27ttZ, then for each fixed 
V £ fe/->y+] the term w{y) da 2 in ([7D describes a circle whose size does not shrink to zero. 
To see that the metric ([7]) corresponds to a complete compact manifold, notice that, by a 
theorem of Kobayashi [13] , A := h(y)(dip — cos 0d(f>) defines a connection in a principal S 1 - 
bundle over B if and only if the (globally defined) curvature 2-form gL4/(27tt) defines an 
integral de Rham cohomology class in B. 

An easy computation shows that 

dA %_) - h(y+) f dA 2h(y+) 



2-kt T It , 2lXT 



By ©, it follows that dA/(2vrr) € H 2 (B;Z) if we set r := -2 %+)/?, in which case the 
periods of gL4/(27tt) around So and S + are respectively given by p and — <jr. Since p and g 
are coprime, it follows that Y p,q is simply connected. 

The bundle Y p,q is completely determined by the cover {Vi X U e : i = 1, 2, e = ±} and 
the associated transition functions 

*ijaj : (K n V,-) n (I7 e n C^) -»■ R/2ittZ . 

The transition functions Fa |_, i = 1,2, are easily derived using the fact that 

dA 

So 2 KT 

for any (9q,(/)q), since this means that da + A defines on So an 5 1 -bundle with winding 
number p. Hence this bundle is isomorphic to the lens space S 3 /Z p [IS] and = 2vrr/p. 

Similarly, -F12++ = —2nT/q because 

dA 

To determine F12 , it suffices to observe that 

dA 

2p-q 



2-KT 



by ([9]). Notice that 2p — q is granted to be strictly positive. In this case, da + A determines 

a connection on a principal S^-bundle over S_ with winding number 2p — q, so that F12 = 

2irT/(2p-q). As 

the full set of transition functions is uniquely determined from Fa |_ and F\2ee- 
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Since (Vi PI Vj) x (U e n fJn) has full measure in V, x C7 e , an L 2 function in Y p ' 9 can now be 
identified with a measurable function 

/ : (0,tt) x (M/2vrZ) x (y-,y+) x (M/2vrZ) x (M/27ttZ) -> C 

such that: 

(i) f(0, 4>, V, i>, a) = f(0, 4>, y,ip,a + 2ttt/p) = f(6, (j), y,ip,a- 2vrr/g) = f(9, 4>, y,ip,a + 
2itt/(2p — q)) a.e., by definition of the transition functions Fij e „. 

(ii) f(9, <fi, y, ip, a) = f(9, 4>,y,ip + tt, a) = f(9, 4>,ip,a + it) a.e., because of the way the sets 
V{ x U e are patched to yield the bundle B, as analyzed in Lemma [1] using the auxiliary 
S^-bundles B y . 

(iii) The integral 

J \f(9,4>,y,ilj,a)\ 2 p(y)dy sin 9 d9 dcj) dip da 

is finite, by the expression of the Riemannian measure (JS|) 

Prom (i) and (ii), we see that / must be 27rr/cr-periodic in its last argument, with a := 
lcmjpg, 2p — q, 2} the least common multiple of 2, p, q and 2p — q, and 7r-periodic in its fourth 
argument. This leads to the L 2 Fourier expansion 

which readily gives (jlip after recalling Eq. §E§ and carrying out the integrals in (f>, if) and a. 
It should be noticed that all the Fourier frequencies compatible with the above periodicity 
condition must appear in the decomposition formula due to the simple connectedness of 
YP'i. □ 



3 The Laplacian in Y p > q 

Our goal in this section is to derive a manageable formula for the spectral resolution associated 
to the Laplacian in Y p ' q . As we shall see, the computation of the spectral decomposition of 
the Laplacian actually boils down to the analysis of a single Fuchsian ordinary differential 
operator depending on three parameters. 

It is well known that the Laplacian on Y p ' q , which we denote by A, defines a nonnegative, 
self-adjoint operator whose domain is the Sobolev space H 2 (Y p,q ) of square-integrable func- 
tions with square-integrable second derivatives. The Laplacian is given in local coordinates 

as 



A := 9ijViV > = W)lfy P{y) W{y) r{v) | + W)^ + {~k " HV) ^ 



2 
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+ 



1-2/ 



1 d . n d 1 f d „d 

■ sin 9— H 7T~ 7TT + cos 



sin 9 89 89 sin 8\d(j) dip 



Therefore, it is not difficult to see that the action of the Laplacian on a function of the form 
u(y, 9) e 1 ( n <t>+ 2m *l'+ lcTa / T ) (which are globally well defined, as discussed in Lemma [3]) is given 
by 

A(u(y, 8) e i(^+M+i™/r)) = (A nml u(y, 9)) e K n<t>+2mip+l(Ta ^ , (12) 
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where 



Id d 1 /o-A 2 9 / , , , al\ 2 6 



and 

^ Id „ d ( n + 2m cos \ ... 

_ . (14) 



sin 9 80 89 \ sin 

Eq. (fT2j) suggests that the computation the spectral resolution of A should be equivalent to 
finding an appropriate orthonormal basis of eigenfunctions of the differential operators A nm ; 
on L 2 ((y_, y + ), p{y) dy)®L 2 ((0, tt), sin 9 dO). In the rest of this section we shall show how this 
can be accomplished. We begin by constructing an orthonormal basis of L 2 ((0, n), sin 9 dO) 
consisting of eigenfunctions of T nm . If / C R is an open interval, we shall denote by AC 1 (I) 
the set of continuously differentiable functions v : I — > C whose derivative is absolutely 
continuous on any compact subset of /. 

Lemma 4. Let us denote the Jacobi polynomials by P>°'' b ' and set 

f(2j + \n + 2m | + |n - 2m\ + 1) j\ (j + \n + 2m| + \n - 2m\^ 1/2 
nmj '~ V 2 (j + \n + 2m\)\ {j + \n - 2m|)! 

T/ien t/ie analytic functions v nm j : [0, 7r] — >• R given by 

v nmj {9) := C nmj sinl"+ 2m l f cosl"- 2 ™' j pjl" +2m l>- 2w D(cos 0) , j £ N, 
define an orthonormal basis o/L 2 ((0, 7r), sin $ ciTic? satisfy the eigenvalue eauation T nm v> 



nm u nm] 



A-nmjVnmj ; with 



A nmj := 2[2j(j + 1) + (|n + 2m | + |n - 2m|)(2j + 1) + \n + 2m\\n - 2m| + 2m 2 + n 2 

Proof. In terms of the variable z := sin 2 |, the differential equation T nm v{9) = —Av(9) can 
be rewritten as 

T nm v(z) = -Av(z) , (15) 

where 

~ . , d 2 . d (n + 2m — 4mz) 2 , , 

T nm := r l - z h-^ + 1 - 2z — - 1 16 

az^ 4z(l — 2) 

and "u(z) stands for the expression of the function v(9) in the variable z. It is not difficult 
to show that this equation has three regular singular points, located at 0, 1 and oo, whose 
characteristic exponents are respectively given by ±(§ + m), ±(§ - m) and \[l ± (1 + A + 
4m 2 ) 1 / 2 ]. 

It then follows that the symmetric operator on L 2 ((0, 1)) defined by the action of ()16p on 
Cq°((0, 1)) is in the limit point case at (resp. at 1) if and only if n ^ —2m (resp. n ^ 2m). 
When both conditions are satisfied, there exists a unique self-adjoint extension, whose domain 
is the set of v € ^4C 1 ((0, 1)) such that T nm v £ L 2 ((0, 1)). When n ^ —2m (resp. n ^ 2m), we 
take the Friedrichs extension of the above operator, which is determined |14j by the boundary 
condition(s) 

lim zv'(z) = (resp. lim zv'(z) = 
z\0 \ z/-\ W 
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We shall see that his choice of boundary condition(s) will preclude the appearance of logarith- 
mic singularities. With a slight abuse of notation, we shall still denote by T nm the self-adjoint 
operators under consideration. 

If Eq. (|15p holds, a simple calculation shows that 

v(z) := z"l n+2m l/ 2 (1 - z)^ n - 2m ^ 2 v(z) 
satisfies the hyper geometric equation 

z(l - z) v"{z) + (c-(a + b + l)z) v'(z) - abv(z) = , (17) 

with parameters 

2a = 1 + \n + 2m | + |n - 2m| - (A + 4m 2 + l) 1/2 , 

2b = 1 + \n + 2m | + |n - 2m| + (A + 4m 2 + l) 1/2 , c = \n + 2m| + 1 . 

The characteristic exponents of this equation at and 1 are given respectively by (0, — \n + 
2m|) and (0, — \n — 2m\). 

It can be readily checked that v belongs to the domain of T nm if and only if v is a bounded 
solution of Eq. ()1T[) . which implies [1, 15.3.6] that v is a polynomial. This only happens if a 
or b equals a nonpositive integer — j, that is, when 

A = 2(2j(i + 1) + (I"- + 2m| + [n - 2m|)(2j + 1) + \n + 2m||n - 2m| + 2m 2 + n r 



In this case, v(z) is a constant multiple of the Jacobi polynomial p^l n+2m l'l n 2m '^(l — 2z). The 

spectral theorem ensures that the corresponding eigenfunctions v of T nm define an orthogonal 
basis of L 2 ((0, 1)), while their squared norm \v(z)\ 2 dz can be readily shown to be [U 22.2.1] 

z \n+2m\^ _ z yn-2m\ p (\n+2m\,\n-2m\) ^ _ 

(j + \n + 2m\)\ (j + \n- 2m|)! 



(18) 



(2j + \n + 2m| + \n — 2m| + 1) j! (j + \n + 2m| + |n — 2mQ! 

Since the change of variables 9 1— > z defines a unitary isomorphism 

L 2 ((0,vr),sin6»d6l) 9 u ^ u e L 2 ((0, 1), 2d«) , 

the statement of the lemma readily follows by inverting this transformation and normalizing 
the eigenfunctions using (fT8"j) . □ 

Let us now consider the differential operator 

Id d 1 fal\ 2 9 /„ , , , al\ 2 6A 



arising from (|13p . which depends on a real parameter A ^ 0. It is clear that we cannot hope 
to express the solutions of the formal eigenvalue equation 

S ml (A)w = -Xw (20) 

in closed form using special functions because (|2U[) is a Fuchsian differential equation with 
seven regular singular points, located at the three roots of the cubic at 1, at ia 1 / 2 and 
at infinity. However, the information contained in the following lemma will suffice for our 
purposes: 
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Lemma 5. For all A 0, the differential operator (|19p defines a nonnegative self-adjoint 
operator in L 2 ((y_, y + ), p(y) dy), which we also denote by S m i(A), whose domain consists of 
the functions w € ^4.C 1 ((y_, y+)) such that S m i(A)w € L 2 ((y_,y + )) and 

lim yw(y)=0 if m = (2p — q)o~l j 4 and lim yw'(y) = if m = —qal/A. 

y\y- ' y/v+ 

Its spectrum consists of a decreasing sequence of eigenvalues (—l m ik(A))k£N \ —oo of multi- 
plicity one whose associated normalized eigenf unctions (A) are 0((y + - y)l™+?^/4|) as 
y /■ y+ and 0((y - y _)l™+(9-2pW/4|) a sy\y^. 

Proof. Let y e be one of the endpoints of the interval (y_,y+) and set ( := y — y e . An easy 
computation shows that 

a - 3y 2 + 2y 3 = -6y e (l - y e ) C + 0(C 2 ) , r(y) = + 0(C 2 ) 

3y e 

as y — > y e , which shows that the differential equation (|20p can be asymptotically written as 

-(I2y e C + 0(C 2 )) «J"(0 " (I2l/ e + 0(0) w'(0 + 

with u5(C) := w(C + 2/e) standing for the expression of the function w{y) in the new variable Q. 

It then follows that the characteristic exponents of the equation (|2Up at y e are ±^ e , with 
f e := |m— /i(y e )cr//(2r)|. Using (J9j) and (fT0|) . one can immediately derive the more manageable 
formula 

v + = | m + qal/&\ , V- = \m + (q - 2p)al/A\ . (21) 

Since a is even by Lemma [3j it stems from the latter equation that 2 v t is a nonnegative inte- 
ger. Therefore, it is standard that the symmetric operator defined by (fl"9|) on C^°((y_,y + )) 
is in the limit point case at y e if and only if v t ^ 0. If v + v^ ^ 0, the latter operator is then 
essentially self-adjoint on C^°((y_, y+)), and has a unique self-adjoint extension of domain [8j 

V := {w E AC 1 ({y^y+)) : S ml (A)w e L 2 ((y_,y+))} .. 

When i/+i>- = 0, the above symmetric operator is not essentially self-adjoint. In this case, 
in order to rule out logarithmic singularities we shall choose its Friedrichs extension |14j . 
whose domain consists of the functions w € T> such that 

lim yw (y) = if v- = and lim yw (y) = if ^+ = , 

It is well known [8] that S m i(A) is then a nonnegative operator with compact resolvent and 
that its eigenvalues are nondegenerate. □ 

Remark 6. It should be noticed that the critical exponents (|2ip are half-integers rather than 
integers, because in |y — y e | is proportional to the square of the distance to the pole y e , as 
discussed in [9]. 

Lemmas O and [5] provide us with all the information we need in order to derive the 
following eigenfunction expansion for the Laplacian, which is the main result of this section: 



3y £ 

c 



2m - h(y e ) 



al 



0(1) 



w(C) = 0, 
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Theorem 7. Let u nm ikj ■ Y p ' q — > C be the analytic functions on Y p,q given by 

gi(n<f>+2mil>+crla / V) 

Unmikj '■= Vnmj{9) W m lk(A nrn j)(y) (27r) 3 / 2 

and set \ nm ikj '■= ^mik(^-nmj) ■ Then {u nm ikj ■ j,k E N, l,m,n € Z} is an orthonormal basis 
ofL 2 (Y p > q ) and 

^Unmikj — ^nmlkj U n mlkj • (23) 

Proof. We know that, by construction, {v nm j<g>w rn ik : j,k G N} is a basis of L 2 ((y_,y + ), p(y) dy)( 
L 2 ((0, n), sin 9 d9) for each n,m,l £ Z. By Lemma [3j this implies that {u nm ikj ■ j,k € 
N, l,m,n £ Z} is then a basis of L 2 (y p ' 9 ). In the light of Lemma[6l or after a short compu- 
tation, it is apparent that the functions u nm ikj are analytic, and therefore lie in the domain 
H 2 (Y p,q ) of the Laplacian. From Eq. (|12p - (|14|) and (|19|) and from Lemmas H] and \5\ we sub- 
sequently infer that the Laplace operator in diagonal in this basis and Eq. (j23[) holds, as 
claimed. □ 

Remark 8. It should be observed that the proof fails if one takes v nm j or w m ik (A) to be 
the eigenfunction basis corresponding to a different self-adjoint extension of (|14p or (|19p . 
since in this case the above eigenfunctions will present logarithmic singularities which will 
prevent some of the elements u nm ikj of the basis of L 2 (Y p ' q ) from being in the domain of the 
Laplacian. This is due to the fact that the action of the Laplacian on these logarithmically 
divergent functions will give rise to Dirac-type singularities. 

To conclude, some remarks on the form of the eigenfunctions (j'22|) are in order. First, 
one should observe that the angular dependence of the eigenfunctions (in a and ip) is quite 
different from, e.g., that of axisymmetric eigenfunctions in Euclidean space. This is a con- 
sequence of the considerable geometric complexity of the manifold Y p ' q and its fibration 
structure, and indeed one can gain some additional insight into its geometry by fixing y = y± 
or (8, (p) = (8q, (fio) and studying the expression of the eigenfunctions. From an analytic point 
of view, the main advantage of Theorem [7] is that most of the properties of the Laplacian in 
Y p,q can be analyzed through the simpler one-dimensional Sturm-Liouville operator S m i(A). 
Theorem [7] will be crucial in our analysis of the wave equation in M, which is the main result 
of this paper. 



4 The Klein-Gordon equation in AdS 5 x Y p > q 

We will denote by AdS 5 the simply connected Lorentzian 5-manifold of constant sectional 
curvature — k, for fixed k > 0. It is well known that AdS 5 is diffeomorphic to M 5 . If 
= (i? 1 , i9 2 , i? 3 ) G [0, 7r] x [0, 7r] x M/2-7rZ are the standard coordinates on the 3-sphere, the 
metric on AdS 5 can be globally written as 

-dt 2 + dx 2 + cos 2 x g S 3 
9 k '■ — ; o j 

K sin x 

where t G M, x € (0,7r/2] and 

g S 3 := (dtf 1 ) 2 + sin 2 1? 1 (cM 2 ) 2 + sin 2 tf 1 sin 2 1? 2 (cM 3 ) 2 
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is the canonical metric on S" 3 . The Laplacian and the Riemannian volume measure on 5 3 
will be respectively denoted by A53 and 

duj := sin 2 i? 1 sin tf 2 M 1 d$ 2 <M 3 . 

Let us now focus of the 10-dimensional Lorentzian manifold AdS 5 x Y p ' q , endowed with 
the metric g := g K ® g. It is apparent that there is no loss of generality in assuming that the 
Ricci curvature of Y p,q is 4g, as in Section [21 Its associated wave operator will be denoted 
by □ := g l 3 Vj Vj, and we shall call S T the spacelike hypersurface in AdS 5 x Y p ' q defined by 
t = T. We will occasionally use the above coordinates to naturally identify each S T with a 
fixed time slice £ and define the measure dv du d/j, on £ or £ T , with dv := 2 cot 3 x dx. Notice 
that dv doo d[i is not the hypersurface measure on £ T . 

In this section we shall show that, under appropriate assumptions to be made precise 
below, the Klein-Gordon equation in AdS 5 x Y p,q , 

(□ - M 2 )p = (24a) 

with Cauchy data 

= <p\ (24b) 



dp 
~dt 



admits a unique propagator, for any value of the constant M ^ 0. By a propagator we mean 
a bilinear map 

K : C °°(£) x Cg°(E) ~> C°°(AdS 5 x yP-«) n C°°(M, L 2 (E, dz^ do; dfi)) 

which maps each Cauchy data (<p°, ip 1 ) S Co°(E) x Cq°(E) to a smooth solution tp = 1Z(p°, ip l ) 
of the Cauchy problem (|24|). 

The analysis of the Cauchy problem (|24"J) presents some additional difficulties related to 
the fact that AdS 5 x Y p,q is not globally hyperbolic. Generally speaking, the existence or 
uniqueness of global solutions to the Cauchy problem for the Klein-Gordon equation is not 
granted on a manifold which fails to be globally hyperbolic. The case of static, non-globally 
hyperbolic manifolds such as AdS(«) x Y p,q is quite special, however, and propagators on 
these spaces can be analyzed using results of Wald [19] and Ishibashi and Wald [HI [12] . 

For various linear hyperbolic equations, Ishibashi and Wald discuss the existence and 
uniqueness of propagators satisfying three essential assumptions [HI Sect. 2] which that are 
required for the propagation to be physically sensible. Roughly speaking, these conditions 
mean that the propagation in causal, invariant under time translation and reflection, and 
that it preserves an appropriate energy functional. For the reader's convenience, we present 
these assumptions in the Appendix. Propagators for the Cauchy problem (|24p which satisfy 
Assumptions [TH3] in the Appendix will be called admissible. Our main result is Theorem [T0| 
where we prove that the Cauchy problem (|24p has a unique admissible propagator and derive 
a manageable integral spectral representation for the solution. 

Before stating this theorem, we need to introduce some further notation. Let us consider 
the linear differential operators defined by 

r/ n d 2 0/ \ d s(s + 2) M 2 + A 

L(s,A) := -— j +3(tanx + cotx) — + 9 + 5—, (25) 

ox ox cos z x k sin x 

where s S N and A ^ are constants. We shall denote by £°(s, A) the positive symmetric 
operator in L 2 ((0, §),&/) with domain C§°((0, f )) defined by ([25]). 
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An orthonormal basis of L 2 (S 3 ,du) is given by the spherical harmonics (cf. e.g. [17J) 

y«i«a«s(0) := NsiS2S3 sin s2 #1 C^+^cost? 1 ) P s s 2 3 (cos tf 2 ) e iS3 ^ , (26) 

where Cr and F> m respectively denote the Gegenbauer polynomials and the associated Leg- 
endre functions, (s±,S2,ss) G N 2 x Z with si ^ S2 ^ | S3 1 , and the normalization constants 
are 

N _ ( f^Hsi + 1) (2s 2 + 1) (gi - s 2 )! (gg - gg)j (^ 2 !) 2 \ 1/2 
S1S2S3 ' V ^(si + s 2 + l)\(s 2 + s- i )\ ) 

The spherical harmonics satisfy the differential equation 

A s3 y SlS2S3 = -si(si + 2) _ (27) 

For the ease of notation, we will consider the set of multi-indices 

B := {P = (ft, . . . , ft) : ft, ft, /3 7 , /3 8 € N, ft, ftft, ft G Z, ft ^ ft ^ |ft|} 

and denote by ^ p : S 3 x y p ' 9 — > C the smooth functions given by 

where u nm ikj was defined in ([22]) . We shall also use the notation 

/ j[/j 2 + A \ ^ 2 
A/3 := A^ 4/ 3 5/36/37ft and C/9 :=U+ • (28) 

A multi-index /3 should be thought of as an ordered 8-uple consisting of the spectral param- 
eters (s\, S2, S3,n,m,l,k, j) used in ([22]) and (f26j) . 

Lemma 9. For each (3 £ B, the operator £°(ft, A^) is essentially self-adjoint. If Cp denotes 
its closure and and F : [0, 00) — > C is a bounded continuous function, then 

F(£p)f(x) = 5>(nf) f P fW7[W*'V)) ffa) (29) 

a.e. /or a// / G F 2 ((0, ^), <i^) ; where for each i G N £/ie function 

1/2 



(t + s + i)!r(* + c^ + i) J 1 v ; 

(30) 

is a normalized eigenfunction of Cp with eigenvalue 

fif := (2i + s + C/3 + 2) 2 . (31) 

Proof. Let us consider the change of variables £ := cos 2 x, which maps F 2 ((0, onto 
L 2 ((0,1),£(1 — ^)~ 2 d^) and transforms the ordinary differential equation L(ft,Afl)/ = 0/ 
into 2 

4C(1 - 7"(0 + 4(2 - /'(£) + (fi - M|±^ _ = , (32) 

where / stands for the expression of the function / under the above change of variables. This 
is a Fuchsian differential equation with three regular singular points: (with characteristic 
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exponents and —1 — /?i/2), 1 (with characteristic exponents l + cp/2 and 1 — cg/2) and 
infinity (with characteristic exponents ±f2 1//2 /2). From the expression for the exponents and 
Eq. ([28]), it is manifest that Eq. ([32]) does not admit any solutions in L 2 ((0, 1), £(1 - 
when ImQ ^ 0, which implies that the only self-adjoint extension of C {fix, Aa) is its closure, 
Cp. 

An easy computation shows that /(£) := ^ _/3l / 2 (l — £)~ l ~ c pl 2 f(£) satisfies the hyperge- 
ometric equation 

e(l - /"(0 + (c - (a + 6 + 1)0 /'(£) - abf(0 = , 

with parameters 

_ 2 + ft + cp - n 1 / 2 2 + f3 1+ cp + OV2 _ 

o:= , b:= , c:=Pi+2. 

It is standard (cf. e.g. pQ 15.3.6]) that a solution / to the above equation lies in L 2 ((0, 1), £(1 — 
£)~ 2 ti£) if and only if / is a polynomial. In turn, this is equivalent to say that a = —i with 
i € N, i.e., that 

= (2i + s + cp + 2) 2 , 

which implies that /(£) is proportional to the polynomial p^ 1+1 ' c ^ (\ _ 2£). When rewritten 
in terms of the variable x, this readily yields the expressions (|30p and (j3ip for the eigenvalues 
and eigenfunctions of Cp, the normalization constant being easily read off from the formula [TJ 
22.2.1] 

Jo^ [ V ' [ ^ dt -2(2* + /3 1 + ^ + 2)t!r(t + /3 1 + ^ + 2)' 

with r being Euler's Gamma function. Eq. (|29p now follows through continuous functional 
calculus [8]. □ 

Theorem 10. There exists a unique admissible propagator for the Cauchy problem 
which is given by 

(sin(£ C^^ 2 \ \ 
cos (*4 /2 ) <p%{x) + Sm J fax)) Vpfrri) . 

Here 



(33) 



if>Jx):= (^(x,^,r j )^^,ri)duj('d)dn(ri), j = 0, 1, 

JS 3 xYP'i 

and cos(t C 1 ^ 2 ) ifjp and £^ 2 sin(t C 1 ^ 2 ) ip^ are defined through the formula 
Proof. The wave operator in AdS 5 x Y p ' q reads 

— ( 9 8 2 a O 8 O d 2a\a / A\ 

lj = k\ — sm x — -77 + sm x tan x— — cot x— — h tan 1A03 + A. (34 
\ at 2 dx ox J 

Let us assume that 1Z is a propagator for the Cauchy problem ([24"]) and set := 7Z(ip°, (p 1 ), 
so that </j|j]T G L 2 (Y>,dv duj dii) for almost every TgR. Let us decompose 93 as 

ip(t, X, &,ri) = ^2 ^(*> x ) */3(^ r ?) > 
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with 

<pp(t, x) := / <p(t, x, ti, rj) *j8(i?, v) du}{$) dfi(r]) . 

JS 3 xYp-i 

From Eq. ([34|) it then follows that tpp satisfies the Cauchy problem 

^ + L(/3 1 ,c /3 )^=0, ^(0,0 = <P°p, ^(0, = (35) 

where, by hypothesis, ip 3 a G Cq°((0, |]) C £ 2 ((0, §),dz/) for j = 0, 1. If we additionally assume 
that ypp G Cg°((0, §)), a theorem of Ishibashi and Wald [11] ensures that the only admissible 
solutions of ([33]) such that <fp(T, •) G £ 2 (X, dco dfj) for a.e. T G R are given by 

~i/2\ n sin(£ iJY 2 ) 
^(t, x) = cos (t ) tp p (x) + — ^ tffy(x) , (36) 

where Cp is a positive self-adjoint extension of C°(/3i,Xp). As C°(Pi,Xp) is essentially self- 
adjoint by Lemma [H Cp necessarily coincides with the Friedrichs extension Cp, which proves 
Theorem 1101 under the additional hypothesis that the support of (y? ,^ 1 ) does not contain 
the point of S° given by x = 0. To remove this hypothesis, it suffices to observe that (|36p 
still solves the Cauchy problem ([35]) for arbitrary tpL G Cq°((0, |]), thus ensuring the validity 
of (|M]) for arbitrary Cauchy data (^°V) G C£°(£°) x C£°(£ ), which is what we had to 
prove. □ 

It is clear that Theorem [TO] and its proof remain valid when the Cauchy data are not 
assumed smooth and compactly supported but taken in a Sobolev space of sufficiently high 
order, but we shall not pursue this generalization here. It is also well known that solutions to 
the inhomogeneous Cauchy problem can be constructed through time integration of solutions 
to (|24p using Duhamel's principle. In this case, the propagator is a trilinear map 

n : C °°(AdS 5 x Y p ' q ) x C °°(£°) x C °°(I] ) -> C°°(AdS 5 x Y p ' q ) n C°°(R,L 2 {Z,di;dudfi)) 
mapping (G, cp°, if 1 ) to a solution <3? = TZ{Q, ip°, if 1 ) of the PDE 

~dt 



(□-M 2 )$ = e, $| s o = v9 



= V 1 ■ (37) 

SO 

For completeness we state the analog of Theorem [10] for the inhomogeneous equation, which 
follows using the same reasoning as in Theorem [TUJ It should be noticed that the admissibility 
conditions presented in the Appendix can be readily extended to the case of inhomogeneous 
equations, mutatis mutandis. 

Corollary 11. There exists a unique admissible propagator 7Z for the inhomogeneous Cauchy 
problem ([37]) . The propagator is given by $ = TZ(Q, ip°, ip 1 ) = ip + <p, with <p as in ([33]) and 
lp defined by 

/ /•* sin[(t — T)C l l 2 \ \ 

$(t,x,0,ri) == E ( / Tjr ^Op(T,x)dT) Vpfrn), (38) 

peB \ Jo Cp ' 

where 



@p(t, x) : = / 0(t, x, 0, rj) Vptf, v ) M#) Mv) 

J S 3 xY p,q 

and the integral in (|38|) is defined through the formula (|29[) . 
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Appendix 



In this Appendix we will state and briefly discuss Ishibashi and Wald's assumptions 
which must be satisfied by any physically meaningful propagator TZ of the Klein-Gordon 
equation ([24"]) . To this end, we will denote by tp = 7Z(p°, tp 1 ) : AdS 5 x Y p ' q — > C the solution 
of the Cauchy problem ([24"]) determined by TZ. 

Let us start by defining the time translation and reflection operator on C°°(AdS 5 x Y p ' q ): 

(T T $)(t, x, 9, n) -.= $(t + t, x, e, n) , (v$)(t, x, 9, v ) ■- *(-t, x, e, v ) , 

with T € R. The causal future (resp. past) of a set U C AdS 5 x Y p > q will be denoted by J + (U) 
(resp. J~ (U)). The first condition we must impose on the propagator is that a solution ip 
of ([23]) must be compatible with causality: 

Assumption 1. The support of tp is contained in J + (supp(|(/?°| + |( / 9 1 |)U J _ (supp(|<^°| + |</? 1 |)). 

The second assumption is that the propagation is compatible with the time translation 
and reflection symmetries. In order to state this condition, we need to recall |11] Lemma 2.1] 
that Assumption [1] ensures that for any initial conditions (tp°, ip 1 ) £ C^°(S°) x C^°(S°) there 
exists some e^ ,^ 1 ) > such that the function c^j-(x, ry) := tp(T, x, rf) is smooth and 
compactly supported for all \T\ < e(tp°, p 1 ). (Of course, the function <pt would be compactly 
supported for all T in a globally hyperbolic manifold.) 

Assumption 2. Let ip be the solution associated with the Cauchy data (cp ,^ 1 ) and \T\ ^ 
e(p°, p 1 ). Then the solution associated with the Cauchy data (fT, (dip/dt)?) (resp. (p°, — ip 1 )) 
is T-t^P (resp. Tp). 

To state the third assumption, let us introduce the vector space 

N 

V := ^TrMfiM) ■ N G N, T t G R, , (^°,^) G C^(E°) x C °°(S )} 
i=i 

of all finite linear combinations of solutions of the form 7rTZ(p , (/p 1 ). In the case of a globally 
hyperbolic manifold, this would simply be the space 7£(Co°(X! ) x Co°(X! )) of solutions to 
the Cauchy problem (|24|) with data in C^°. 

Assumption [3] consists of three related conditions ensuring the existence of a well defined 
conserved energy functional E. The first one asserts that this energy is invariant under time 
translations and reflections. By Eq. (|34j) . the equation ()24ap can be rewritten as 

( 92 i 9 i 9 A 5 3 A-M 2 \ 

\ ct ax ax cos z x k sin x / 

so the second condition guarantees that the E reduces to the 'naive' energy functional for 
Eq. (j39p in certain cases. Finally, the third condition requires that the topology defined by 
the energy functional be compatible with the weak C°° topology on the Cauchy data. 

Assumption 3. There exists an inner product E : V x V — > C such that the following 
properties hold: 

(i) For all $i,f 2 eV and Tel, 

* 2 ) = E(V$i,V$ 2 ) = E(T T $i,T T <f>2) ■ 
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(ii) For all $ 6 V, 



E(*,<p)= [ 



<9$ 
~dt 



<P 



„/ \ <9 Acs A-M 2 

, . +3 tanx+cotx) - — I = 1 75— 

V ox z ox sin x k sin x 



dv du d/j, . 



(Hi) Let ($ n ) ng M C V be a Cauchy sequence with respect to the norm \\-\\e defined by E and 
suppose that there exists $£ V such that the sequences ($ n |s°)neN and ((9<£ n /<9t| s o) ne N 
respectively tend to <J>| s o and d^/dt]^ in the weak C°°(S ) topology. Then 

lim ||$ n — $11 „ = . 

n— >co " 
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